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Research problems 
The purpose of the research problems section is the presentation of unsolved 
problems in discrete mathematics. Older problems are acceptable if they are not as 
widely known as they deserve. Problems should be submitted using the format as they 
appear in the journal and sent to 
Professor Brian Alspach 
Department of Mathematics and Statistics 
Simon Fraser University 
Burnaby, B.C. 
Canada V5A lS6. 
Readers wishing to make comments dealing with technical matters about a prob- 
lem that has appeared should write to the correspondent for that particular problem. 
Comments of a general nature about previous problems should be sent to Professor 
Alspach. 
Problems from the First International Conference on Linear Spaces, Capri 1991 
Problem 204. Linear spaces with n3 + n + 2 lines. Posed by Klaus Metsch. 
Correspondent: Klaus Metsch 
Mathematisches Institut 
Arndtstr. 2 
D-6300 GieDen 
Germany. 
What is the largest number of points a non-degenerate linear space with n2 + n + 2 
lines can have? This quite difficult question has its origin in the famous De 
Bruijn-Erdos-Hanani inequality [l], which was generalized [2] as follows. 
Let v>4 be an integer, denote by n the unique positive integer satisfying 
n2-n+2=(n-1)2+(n-1)+2<vdnZ+n+1, and define 
n2+n-1 if v=n2-n+2, 
B(v): = n’+n if n2--n+3<v<n2+1, 
n2+n+1 if n2+2<v<n2+n+1. 
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Then every non-degenerate linear space satisfies b > B(v). Furthermore, every 
linear space satisfying b = B(v) (with one exception) can be embedded in a projective 
plane of order n [2, 31. Using this result and [3-53 one can deduce the following 
assertion. Let b36 be an integer and denote by n be the unique positive integer 
satisfying 
For b#n2+n+2 define 
n2-n+2 if b=n’+n-1, 
n2+1 
V(b): = r if b=n2+n, n2+n+1 if b=n2+n+1, n2+n+1 if n2+n+3<bdn2+3n. 
Then every linear space with b 26 lines has V< V(b) points. For b < n2 + n + 1, 
examples for linear spaces with V(b) points can (with the same exception) be embed- 
ded in projective planes of order n, and for n2 + n + 3 <b, examples with V(b) points 
are inflated affine planes (and probably some others). 
For b=n2 +n+2 the situation is more complicated. In order to state the known 
results, we need to define a class of hypothetical linear spaces. 
For integers n, d, z with z 2 0, d > 1 and z(n’ -d) = d(d - l), a linear space with n2 - d 
points and n2 + n + 2 lines is said to be a design of type L(n, d, z) if every point lies on 
a unique line of degree n -d and on n lines of degree n. 
Given an integer n, let d be the unique positive number satisfying 2n =d(d + 1). 
Then it was shown in [4] that every non-degenerate linear space with n2 + n + 2 lines 
has at most n2 -d + 1 lines with equality if and only if L is an extended linear space 
of type L(n, d, 2), that is, deleting one point of L results in a design of type L(n, d, 2). 
However, there are no known examples for designs of type L(n,d,z) with ~32. 
In order to complete the formula for V(b) for b=n2 +n+2, it is first necessary 
to decide the existence of linear spaces of type L(n,d, 2). It is easily seen [4] that 
they can be related to biplanes, so that the Bruck-Ryser condition gives a 
non-existence criterion. However this excludes only some of the possible parameters. 
Since biplanes are rare, it is possible that linear spaces of type L(n,d,2) do not 
exist at all. In this case, it seems quite difficult to determine the precise value for 
V(n’ + n + 2). 
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Problems 205-207. Posed by Lynn Batten. 
Correspondent: Lynn Batten 
University of Manitoba 
Canada. 
Problem 205. Does there exist a linear space on 30 points with no line of size 2,3 or 6? 
Background: Drake and Lenz (Arch. Math. 34 (1980) 565-576) have proved: If there 
is a finite linear space on u points with a line of size k, v 2 4k + 3, k 2 304, then there is 
a self orthogonal latin square of order v with a subsquare of order k. 
Drayton, Coppersmith and Hoffman (Atti dei Convegni Lincei, Rome. No. 17, II 
(1976) 509-517) have shown that there is a selforthogonal latin square of order n if n is 
a positive integer different from 2, 3 and 6. 
Drake and Larson (J.C.T. (A) 34 (1983) 266-300) have proved: The existence 
problem for non-trivial finite linear spaces on v points with no line size equal to 2,3 or 
6 is decided for all vf3. 
Problem 206. Classify all n-spaces of dimension > 3 where 1~ has 2 2 line sizes. 
Background: A planar space is a linear space equipped with a non-empty family of 
subspaces called planes such that each triple of non-collinear points is contained in 
precisely one plane. A planar space of dimension B 3 has at least one point outside 
each plane. 
A rc-space (of dimension B 3) is a planar space (of dimension B 3) such that each 
plane is isomorphic to a fixed plane 7~. (For instance, if rr is a projective plane, then 
a rr-space is a projective geometry). 
Apart from some trivial examples, all known n-spaces of dimension 33 have 
constant line size. 
Buekenhout and de Herder (Bull. Sot. Math. Belgique 23 (1971) 3488359) have 
proved: If rc has at least two line sizes, then there exist a finite number of rr-spaces of 
dimension at least 3. 
Leonard (Geom. Ded. 12 (1982) 215-218) has proved that each rc-space of dimen- 
sion 23 has constant point size. 
Problem 207. If S is a finite planar space belonging to L, does S embed in a generalized 
projective 3-space? 
Background: See Kantor, J.C.T. (A) 17 (1974) 173-195, where an affirmative conjec- 
ture is made, and where a counterexample is given in the infinite case. 
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Doyen and Hubaut (Math. Zeit. 119 (1971) 83-88) have proved: If the line 
size is constant, then S is affine or projective, or a Lobachevsky space of one of 
two types. 
Metsch (J.C.T. (A) 51(1989) 161-168) has shown: Suppose in addition, that any two 
distinct planes meet in a line. Let IZ be the order of the projective plane at each point. If 
vBn3-3n2+9n+12,orifn>12andu~n3-3n2+5n+8,thenSembedsinaprojec- 
tive 3-space. 
Problem 208. Is there a configuration 46,, i.e. an incidence structure of 46 points, 46 
lines, 7 points on each line, 7 lines through each point such that two different points lie on 
at most one common line? Posed by Harald Gropp. 
Correspondent: Harald Gropp 
Miihlingstr. 19 
D-6900 Heidelberg 
Germany. 
Background: Compare the existence table of symmetric onfigurations in [4]. There 
is no configuration 437 (a projective plane of order 6). There is no configuration 44,. 
Both results can be obtained from the Bose-Connor-Theorem [2], which is a general- 
ization of the Bruck-Ryser-Chowla-Theorem for symmetric block designs. 
There is a configuration 45, constructed by Baker [l] as an elliptic semiplane. This 
is equivalent o the (7,6)-cage in graph-theoretic language constructed by O’Keefe and 
Wong [S] four years later. In this sense the graph which can be constructed from 
a possible configuration 467 could be called a near-cage. 
Apart from the general theorem in [2] there are only two further non-existence 
results for symmetric onfigurations uk: there is no configuration 326 [6] and there is 
no configuration 749 [3]. 
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Problem 209. A generalization of projective spaces. Posed by G. Tallini. 
Correspondent: G. Tallini 
Rome 
Italy. 
Let (P, L) be a linear space and YZ the family of the subspaces of (P, L). ;I: is a closure 
system. If X z P, we denote by (X) the closure of X, that is, the intersection of all the 
subspaces through X, i.e. the space spanned by X. For any integer n z 2, we denote by 
Z,, the family of subspaces of (P, L) such that if SEC,, n is the minimum number of 
points spanning S. Obviously it is x2 = L. We say that (P, L) is a p,-space if the 
following axiom pn holds: 
where PX is the line through P and X. 
We prove: 
(1) p2=s(P, L) is a generalized projective space. 
(2) ~3=m, vn23. 
(3) There are p,-spaces which are not matroidal (and hence they are not projective 
spaces). 
Problem: Classify the p,-spaces. 
Problem 210. The 93 + 9’ + 9 + 1 problem. Posed by F. Buekenhout. 
Correspondent: F. Buekenhout 
Start 
ing its 
that: 
(1) L 
(2) L 
(3) L 
induces 
(4) L 
Bruxelles 
Belgium. 
with the Veblen-Wedderburn-Hughes plane of order 9, say HP, tak- 
coordinates in the nearfield NFg. Is there any linear space L such 
has lines of 9 + 1 points, 
has 93 + 92 + 9 + 1 points, 
has a Baersubspace isomorphic to PG(3,3) and invariant by Aut(L), which 
PGL(4,3) on it, 
has coordinates over NFg in a ‘natural’ way, 
(5) Each plane of PG(3,3) extends in L to a plane isomorphic to HP? 
Remarks. (1) There are pseudo-affine spaces over the near fields, and their structure is 
well understood (Nizette [l, 21). 
(2) It may be worth studying the problem with no use at all of Condition 4. 
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